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Abstract

In some business applications, the transaction behavior of each customer is tracked separately with
a customer signatureA customer’s signature for buying behavior, for example, may contain informa-
tion on the likely place of purchase, value of goods purchased, type of goods purchased, and timing
of purchases. The signature may be updated whenever the customer makes a transaction, and, because
of storage limitations, the updating may be able to use only the new transaction and the summarized
information in the customer’s current signature. Standard sequential updating schemes, such as expo-
nentially weighted moving averaging, can be used to update a characteristic that is observed at random,
but timing variables like day-of-week are not observed at random, and standard sequential estimates of
their distributions can be badly biased. This paper derives a fast, space-efficient sequential estimator for
timing distributions that is based on a Poisson model that has periodic rates that may evolve over time.
The sequential estimator is a variant of an exponentially weighted moving average. It approximates the
posterior mean under a dynamic Poisson timing model and has good asymptotic properties. Simulations
show that it also has good finite sample properties. A telecommunications application to a random sam-
ple of 2,000 customers shows that the model assumptions are adequate and that the sequential estimator
can be useful in practice.
Keywords: Customer profile; Day-of-week data; Event history; Exponentially weighted moving aver-

age; Hour-of-day data; Transaction data.

1 Background

Massive databases of customer transactions are common throughout business and industry. Telecommuni-

cations providers keep a detailed record of each call placed over their network. Credit card providers keep a
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detailed record of each charge to a card. Companies record visits to their website. Network managers track
login commands on their networks. Online catalogs and stock brokers keep information about each sale. In
many contexts, the goal is to track the behavior of each customer in real-time from transaction data.

Building a summary of each customer’s behavior from transaction data and updating it with each new
transaction that the customer makes is not trivial, especially when there are millions of transactions per
day, millions of customers who might make transactions, thousands of new customers each day, thousands
of departing customers each day, many variables to track per customer, and many if not most customers
change their behavior over time. Probably the simplest kind of summary is simply a rolling history of
transactions for each customer. Rolling histories are easy to update, but they have several disadvantages.
First, rolling histories over a fixed length of time may hold too little data for infrequent customers and too
much data for active customers, while rolling histories over a fixed number of calls may cover too long a
period for inactive customers and too short a period for active customers. Second, rolling histories with
variable numbers of calls can be difficult to manage in large databases, especially with a changing set of
customers. Third, retrieving a large number of calls at the time of a transaction may be too slow to affect the
outcome of the transaction. Thus, there is a need for a short, fixed-length summary of a customer’s data that
captures the important features of the customer’s behavior, can be initialized for new customers quickly and
reliably, and can be updated sequentially with each transaction that the customer makes, without requiring
access to the details of previous transactions.

Relative frequency distributions or histograms are obvious candidates for summarizing customer behav-
ior. They are easily understood by the programmers who maintain databases of customer summaries. They
are fixed-length, so the database of summaries is easier to manage. They are nonparametric so they are
effective with a highly variable customer base. Histograms are also appropriate for categorical data, discrete
data, and discretized continuous data, so type of transaction, timing pattern, place of transaction, and size of
duration of the transaction can all be summarized by histograms.

Updating histograms sequentially is not difficult when observations are randomly samptedisithe
vector of current histogram probabilities aXd, , ; is a characteristic of the current transaction, represented
as a vector of O’s except for a 1 in the cell that contains the observed value, then the sequentially updated

vector of histogram probabilities is

7/‘\'n+1 = (1 - wn+1)%n + wnJranJrlu (1)



wherew,,+1 = 1/(n + 1) and7y = 0. Updating thus requires only the most recent transaction, the number
of transactions made so far and the current summary. We call thisnarighted averagebecauser,,
weights each observed transactidn, ... , X, equally.

If the customer’s behavior changes over time, then a histogram of relative frequencies is inappropriate
because recent transactions have no more influence on the histogram than old transactions do. Evolving
behavior is tracked better by axponentially weighted moving average (EWMM)e updated EWMA
vector 7,1 IS given by equation (1) withw, 1 = w for a fixed weightw, 0 < w < 1, that controls
the extent to whichr,,; is affected by a new transaction and the speed with which a previous transaction
is “aged out.” The initial probability estimate, must be specified, perhaps from historical data on other
customers. (See Abraham and Ledolter (1983) for more information about EWMA.) Under some conditions,
the EWMA approximates the posterior mean under a Bayesian dynamic model (West and Harrison, 1989).

Unweighted averages and EWMA estimates are appropriate when variables are randomly sampled. Tim-
ing variables like day-of-week are not randomly sampled, however. If the transaction rate on Monday is high
and the most recent transaction occurred early Monday morning, then the next transaction is likely to occur
on Monday and unlikely to occur on Tuesday or any day of the week other than Monday. Because un-
weighted averaging and exponentially weighted moving averaging increase the estimated probability for a
histogram cell every time that cell is observed, the estimated probability for Monday first rises with every
transaction made on Monday and then falls with every transaction made before the following Monday. The
evolution of the unweighted and EWMA sequential estimators when transactions are made according to a
Poisson process with equal day-of-week rates is illustrated in the first two panels of Figure 1 for simulated
data. The periodic behavior of these estimators is an artifact that reflects only the order in which transactions
are made.

Better sequential estimates of timing distributions that are nearly as simple to compute as exponentially
weighted moving averages are possible, however. The key idea is to estimantastion rate); ,, for
periodj at the time of callx and then estimate theeriod probabilityr; ,, for periodj by A; ./ > . Ak n-

This paper shows that the approximate posterior mﬁﬁ,m,for Aj» under a simple dynamic Poisson model

satisfies
-1 (1- w)Xj"}kl +wZ;,, iftransactionn falls in period; )
I , , o
/\j_ﬁ_1 + 1= Zjn if transactionn. does not fall in period,



where Z; ,, is the time that has elapsed in a peripdince the previous transaction— 1. We call this

the event-driven estimatoor EDE because it is updated whenever there is a transaction (event). Figure 1
shows the EDE for the probability of Monday on the simulated data used to illustrate the performance of the
unweighted average and the EWMA. Clearly, the EDE avoids the extreme periodic bias of the unweighted
average and EWMA. Moreover, the EDE is very close to the exact maximum likelihood estimator (MLE)
for the simulated Poisson process. The MLE, however, is not appropriate for sequentially estimating timing
distributions for a volatile database because it cannot be computed until a full week after the first transaction
has passed and does not adapt to evolving behavior, as Section 3 shows.

The EDE shares the good characteristics of the EWMA.: simplicity, ability to adapt to evolving param-
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Figure 1: Sequential probability estimates for Monday during a four week period, when transactions for each
day of the week follow a Poisson(50) distribution. The nominal probability of each day, 1/7, is indicated by

a dashed line. Shaded bars highlight transactions made on Mondays. The first panel shows the unweighted
average; the second panel shows the EWMA witk .02 and an initial probability of 1/7 for each weekday.

Both the unweighted and EWMA estimated probability for Monday peaks at the end of Monday then slowly
falls during the rest of the week until the first transaction made on the following Monday. The pattern
dampens for unweighted averaging over time because eventually each observation is given only a small
uniform weight. For comparison, the third panel shows the maximum likelihood estimates for the simulated
Poisson model. These estimates cannot be computed without a full week of data and do not adapt as behavior
evolves. The fourth panel shows the event-driven estimates proposed in this paper, usingoneigh

and initial rates\; o =40, j=1,...,7.



eters, and minimal storage requirements. Moreover, the EDE is approximately optimal under a dynamic
Poisson timing model, in the sense that it approximates the posterior mean under a particular dynamic Pois-
son timing model. Computing the EDE is similar to computing an EWMA, except that the rate for each
period, not just the rate for the observed period, is updated whenever there is a transaction. The updated
estimate for the observed period is a weighted average of the previous reciprocal rate and the time since
the last transaction in period The updated reciprocal rate estimate for any other period increases by the
amount of time that has been spent in the period since the last transaction. The recipr&ﬁ estitmates
the average time between transactions in pefiod

This paper is organized as follows. Section 2 sets up a Poisson process with transaction rates that are
constant within a periog or evolve deterministically over time. Section 3 derives maximum likelihood es-
timators (MLEs) under the Poisson model with constant periodic rates and gives their asymptotic behavior.
Section 4 extends the model to allow dynamic transaction rates that evolve randomly, even within a period,
and Section 5 shows that the EDE approximates the posterior mean for this model. An application to se-
guentially tracking the day-of-week calling patterns of a random sample of about 2,000 telecommunications
customers over a three month period is presented in Section 6. The large sample behavior of the EDE is
considered in Section 7, and its finite sample behavior is explored through simulations in Section 8. Readers
who are not interested in the derivation of the EDE or its distributional properties may move directly from
the model in Section 4 to the application in Section 6 and then on to the simulation in Section 8. Conclusions

are given in Section 9.

2 The Poisson Timing Model

Suppose that calendar time is broken into a sequence of cycles, each of durati@hthat each cycle is
broken into.J periods with fixed, but possibly unequal, lengths. For example, a cycle may last a week and
have theJ = 3 periods{Monday, ..., Friday}, {Saturday} and{Sunday}. Transaction; occurs at

a calendar timé; during a periodR; € {1,...,J} of cycle C;. The time required to complete period

Jj is 0;, and the time required to complete one cycle is- ijl ;. Thus, a transaction at tinig falls

in cycle C; = |T;/7| + 1, where |z| denotes the greatest integeran It falls in period R, = j if

Aj < T — (C; — )7 < A;, whereA; = 37 _ 4, is the time from the start of the cycle to the end

of periodj andAy = 0. LetS; = T; — (C; — 1)7 — Ag,—1 be the time spent in periof; up to7;. We
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are interested in the probabilities of periads. . , J during cyclek when the times of transactions in each
period of each cycle follow a Poisson process.

Let N j(u) be the number of transactions up to timevithin periodj of cycle k; i.e., the number of
transactions between calendar tintés- 1)7 + A;_; and(k — 1)7 + Aj_; +u. Suppose thatN;, ;(u)} is
a truncated Poisson process with rajg. That is, if the intervalu, u + v] falls entirely in period; of cycle

k, then
Ny j(u +v) — Ny j(u) ~ Poisson (A jv) .

If Nj ;(u) is independent ofVy j(v) for k& # k' or j # j', then the number of transactio$, ; =
Ny, ;(65) during period; of cycle k has aPoisson (A ;6;) distribution. Also, the number of transactions
N, = Zj Ny.,; within cycle k has aPoisson (A\y) distribution, where\;, = ijl Ak,j0;. We call this
the Poisson timing modddecause the number of transactigkisup to a calendar timethat fall in period

Ji of cycle k¢ has aPoisson distribution with paramete} _, . Ar + > i, Akj0; + Ak, j.s Wheres =

7<Jt
t — (ks — 1)1 — Aj,—1 is the time spent in periog;. The conditional distribution ofVy, ; given IV}, is
Binomial (Ny, Ak j0;/A) because

Pr(Ni:=m,N, — Ny =M —
Pr(Ny;=m|N,=M) = 7 (Nk,; = m, N k,j m)

_ Pr(Ny;=m)Pr(Ny— Nyj =M —m)
B Pr(Ny = M)
m M—m
- N <)\k>\—j5j> <1_)\k)\—j5j> , m=0,..., M.
m k k
Theperiod probabilitiesry, 1, ... ,m ; for cyclek then satisfy
i o
Ty = Pr(Ny; =1|Ny=1) = k)\—ka

The model described so far assumes that the transaction rate in each period of each cycle is an arbitrary
constanty; ;. It is often more reasonable to assume that the transaction rates are constant across cycles,
so that\, ; = A, ; for all £,m, or to assume that the transaction rates evolve smoothly. For example,
M1, = (1 — )\ j + « for a smalla in (0,1). This kind of assumption justifies a sequential updating

scheme in which transactions from previous cycles affect the estimates for the current cycle.



3 Maximum Likelihood Estimation under the Poisson Timing Model

Let n be the total number of observed transactions anavlgf be the number of transactions that fall in
period j of cycle k. Under the Poisson timing model with arbitrary piecewise constant transaction rates,
only Ny, ; has information abouk;, ;, and there is no information in the sample abat if & > C,, or if

k = C, andj > R,. When the last transaction in perigaf cycle k is known, so thaC’;,, > korC,, = k
andR,, > j, the likelihood for); ; is proportional to the probability of the observed valueNaf;. When

(Cn, R,) = (k,j), so there is at least one transaction in the period but the last transaction in the period
may not have occurred yet, the likelihood Xf ; is proportional to the probability of the observed value of

Ny ;(Sn), wheresS,, is again the time spent ifC,,, R,,). Thus, the log-likelihood oA, ; given thatC,, > k

or thatC,, = k andR,, > j is

N ilog (Ag.;) — Ag.i0; + const, C,>k, orC,=kandR, > j
s [N = kg 108 (Akj) — Ak,j0; J

Ny, j(Sn)log (Arj) — Ak, jSn + const, (Cy, Ry,) = (k, j).
It follows that the MLE of),, ; for k < C,, ork = C,, andj < R, is

Ngz_*j, Cn>k,orC,=FkandR, > j

Ak,j =

Nk,;(Sn) _ ~ ®)

S, (Cn, Ry) = (K, ).
The invariance of maximum likelihood estimation implies that the MLEQfis 7 ; = A i0;/ 3271 MemOim-
Note that the MLEs of the period probabilitieg ; can only be calculated after the first observation in the
last period of a cycle or after the cycle is completed, if no transactions occur in the last period. A Bayesian
formulation of the Poisson timing model, with prior distributions on Mg, would allow; ; to be esti-
mated any time, even before any transaction occurs. Bayesian estimation under the Poisson timing model is
not considered in this paper, however.

It is possible to have a hierarchy of periodicities. For example, periods could be broken into phases (or
days into hours). Then the MLEs for phases would be based on counts for phases rather than counts over
periods, and MLEs for periods and cycles would be obtained by summing up MLEs for phases.

The MLE of A\ ; given by equation (3) makes no use of the transactions outside pedbdycle .

This is inefficient when transaction rates do not vary across cycles or vary smoothly from one cycle to the

next, especially when transaction rates are low. If the rate for each period is constant across cycles, then the



MLE of the period rate\; is

> k<cy Nij/ (Cndj) R, >j
A =9 Lkee, Neg/ [(Cr = 1) 651, R, <j
[Ykec, Nij + Ny r, (Sn)] /[(Crn — 1) 8 + Sn], Ry = .

The MLEs of the period probabilities afg = Xjéj/ S Amdm, Which cannot be calculated until either
a transaction occurs in the last period of the first cycle or the first cycle is completed. Thus, the MLEs are
not appropriate for tracking timing behavior sequentially.

Instead of assuming that transaction rates are constant across cycles, we could allow them to evolve
deterministically. For example, assume that= gk andr; ; = ; for all k, so that the transaction rate
changes linearly at each cycle but the relative frequency distribution for the periods is stable across cycles.

Then the MLESs are

B — 9 Zk:<cn krj + Z Zk<0 Zk<0n Nk,jJFNCn,Rn(Sn)
 5,Ch 5,Cn (Co + 1) Co[(C —1)0; + 25,

25 ec, Nij/ (@-C (Co+1)B), j <R,

7= 4 25 keq, Nea/ (400 (Cu—1)B), j> Ry

(25 ke, Nej + Newi(Sn)) / (Cn (Co—1)6;+25,05),  j="Fn

Section 4 describes a more general model in which transaction rates evolve randomly.

4 A Dynamic Poisson Timing Model

As in Section 2, letV;, ; be the number of transactions during perjoof cycle k. We now assume that the
transaction rate is dynamic, so a different rate applies to each transactioff, Leti = 1,... , Ny ;, be
the time of thei’" transaction that falls in perioglof cycle k. Let T}, ;o = (k — 1)7 + A;_; be the start of
period; in cyclek andTj. ; v, .+1 = (k — 1)7 + A; be the end of period in cycle k. The structure of the
data is illustrated in Figure 2.

The waiting times}, ;; = Ty j; — Tk ji—1,1 = 1,... , N} ;, between transactions in the same period of
the same cycle are uncensored. At tifiig; v, .+1, the waiting timeYy, ; v, .+1 from the last transaction in
periodj until the end of period can be considered to be a censored waiting time because the period could

no longer be observed. L&, ; v, ;11 be the uncensored waiting time for the end of pefiadcyclek, that
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Figure 2: The structure of the data for a Poisson timing process with two periods. Nofg fhas either
the start of a period, the time of a transaction, or the time from the last transaction in the period to the end

of the period.

is, the transaction time that would have been observed if the period had continued to be observed. Including
Yk 5N, ;+1 in the model allows the information that no transaction was seen in a period to be used to update
the rate for that period.

Under a Poisson timing modely ; 1, ... , Y% ; N, ; are independent exponential random variables and
Yk j.N, +1 1S @ right-censored exponential. Under a dynamic Poisson timing model, the mean of the ex-
ponential distribution evolves randomly. Here we assume that the mean in effect & time a random
perturbation of the rate in effect at the time of the last transaction in pgnwibr to 7}, ; ;. Thus, the trans-

action rate changes when and only when there is a transaction. To be more prediy@matinégc Poisson



timing models defined as follows:
Yk,j,i ~ exponential()\k,ﬂ), ;= 1, PN 7Nk,j
Yk,ijk,j-i-l = min(Zkvijk,]._i_l, (k} — 1)7’ + Aj — Tk‘,j,Nk’j)7

Zy j,Ny, ;+1 ~ exponential (A j N, 11) (4)
€hjitki-1, 0= 2. Nij+1, Ngj 21, or i=1, k=1
Mji =
Ak,ji—1, i=1k>1

erji~ (o), a>0,

whereAx jo = Ak—1,5,N,_, ;+1 andAy ;0 is @ known constant. Note that the transaction rate for a period
stays constant until a transaction occurs in that period, and then the rate for the next period (which controls
the waiting time until the next transaction) is generated. Thus, the transaction rate that applies to the first
transaction in a periog after time0 is generated at tim& Model (4) is an example of a Bayesian Dynamic
Model (see West and Harrison (1989)).

Because the mean ef ;; is one and the variance 1§ «, the transaction rate is more stable for larger
«. The current transaction rate is also more variable when the previous transaction rate was high than when
it was low. To see this, let’, ; ;) denote the cycle of the last transaction in periqafior to timeT7}, ; ;, that
is,

max{l <k:Ny;>1}, Nij(Thji—Tkjo) <1

Chji) =

k, Nij(Tr i — Tk j0) = 2,

7.j7i
where Ny, ;(Ty ;. — Tk j0) represents the number of transactions in pefiad cycle k up to time7y, ; ;.
By convention,C), ; ; = 0 if no transactions occurred in perigdprior to Ty ;;. Let )\, ; ;) denote the
rate in effect at the time of the last transaction in perjoaf cycle Cj, ; ;). It follows from model (4) that
(M | Mjiiy) ~ T, @/ Ay j iy), which has variancay ; ) /.

The posterior distribution of the current transaction rate can be found as follow$l}L gt denote the

time elapsed in periogl between the last transaction in peripdnd timeT}, ; ;_1, SO

k-1
Zl:ck,j,(i) Yijn+t Crg) <k

0, Cr.j.ti) = ks

Wh,ji =

with the convention thaty ;; = 0. Forl <i < NN ;, the posterior distribution of, ; ; given the previous

transaction rate,, ; ; and all the observed da¥, ;; = {Y1,j1,- .. , Yz,5:} up to and including timdy ; ;
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isT(a+ 1,a/Agj6) + Wiji + Yeji)- Wheni = Ni ; + 1, the timeY, ;; after the last transaction in
a period until the end of the period is a censored exponential and the posterior distributipn; aiven

Mgy and theY'y, ;5 isT'(a, a/ A j iy + Wi ji + Ya,j4)- Thus,

-1
(=0 o Wi+ Y| o 1<i< Ny
E (Mg [ Mg Yega) =5 1 @ -1 .
|:)\k]()+1 w(Wk,JzJFYk,Jz)] ; 0= Ngj+1,
wherew = (a + 1)~!. This posterior mean is not directly useful for our sequential estimation problem
because it depends on the unknown period rate ;) and all the past observations. It does, however,

resemble the EDE given by equation (2) of Section 1.

5 Derivation of the EDE

5.1 An Approximation to the Posterior Mean of A Transaction Rate

The posterior mean of;, ; ; given the initial rate\; o andY’;, ; ; can be written as
B Megii [ 25,00 Vi) = B (B Megs [ Mg X500 Yiegia) [ 20 Y )
:E( ()‘k]l|)‘k:j Yk?jZ)|>\]07YkIjz)

~1
E [( WA ) T W Wi+ Y, z)] | Aj0, Yk,j,z’) o 1 <i< Ny

b [)‘_] o T o Whii +Ykaz)] |)\j,o,Yk,j,z‘> ’ i = Ngj+1,
wherew = (1 + «a)™!
A first-order Taylor expansion of (A ;) = [(1 — w)A, L+ oW + Yl ! around
E (M ()| 2.0, Yk jio1) gives
-1 -1
Bkl Ao Yige) = B {(1 — W) At Wi + Yk,j,i)] | 2,00 Yk ji
-1 -1
=0 <[(1 ~ W) E @) [0, Yigizt) 4w Wi+ Yk:,j,z')] [ Aj0, Yk,j,i> +
E (f' (E (MM Yrgio1) M) — B Mgl N00 Yigio1)] TX0, Yiia)
-1 -1
= [0 =W E (e | A0, Y gamn) ™ 0 Wi+ Vi)
for 1 <i < Ny ;, wheref’ denotes the first derivative ¢gf. A similar Taylor expansion of (A ; ;) =

e

pg) T = w) T (Wi + Vi)~ aroundE (A j ) Aj0, ¥ i,ji-1) gives

—1
w
E (Mg | A0 Yisa) = |B Aoy [ 20, Vi) R (W’“’j’ﬁyk’j’i)]
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fori = N, + 1.

Together, the Taylor approximations suggest an iterative procedure for updatingNamely, take

e (Al — W)\ 0 Wi+ Yiga), k>1,1<i< N

- Megiiy T 1% Wgi + Yija) k>1,i=Nyj+1,

whereXl,jJ = E(M\ij1|Ajo,Y1,51). Fork > lori > 1, X;w»,i approximates the posterior mean
E (AjilM\jo, Y i) - Because the transaction rates;,; are updated at the end of each perjoor at each

new transaction in periog it is easy to verify that the last equations can be re-written as

X—l _ (1 — w)X,;}’iil + kaiji, k>1,1<i< Nk,j o
ki . |
Nobia T Y k=1 0= N+,

which uses only the previous estimate and the current transaction to update the estimators. The iterative
estimators for the period probabilities are than; ; = Ay ;.i0;/ (Z;LZI Xk,m,iém).

The Taylor approximations suggest that the weighih the iterative estimate should be proportional to
the variance of the multiplicative noise factor in the dynamic model 4)= a(a + 1)"'var (e ;). If
var (e ;,;) is large, then\, ;; evolves quickly and more weight must be given to the current observation
Y}.j.4» which leads to a noisier sequence of estimz{tﬁgﬂ}. Conversely, ifvar (e ;,;) is small, them,, ; ;
evolves slowly and more weight should be given to previous waiting times, giving more {tﬁpyq}
The simulations in Section 8, however, suggest that latggem the order ofl /\/«, may be better.

The iterative estimate (5) is updated whenever there is a transaction in peniaperiod; ends. We
call this full iterative estimationbecause each transaction rate is updated as soon as it changes or as soon
as a period to which it applies ends. Thus, full iterative estimation requires updating the signature for each
customer at the end of every period. Retrieving all signatures at the end of every period can be impractical,
however. Section 5.2 shows that teeent-drivenestimatorEDE, which is updated only when there is a
transaction, is equivalent to the full iterative estimator (5) whenever there is a transaction. The EDE is out-
of-date whenever no transaction occurs in a period, but this limited staleness has not been a concern in the

applications that we have seen, however.

5.2 Updating at Transaction Times Only

Now suppose the transaction rates can be updated only at the time of a transaction, and whenever there is a

transaction the estimated transaction rates for all periods since the last transaction are updated. For example,
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suppose that = 3 and the current transaction falls in period 2 of cycle 10. If the previous transaction fell
in period 2 of cycle 8, theng 31 and\ig,1,1 as well as\;g 2,1 would be updated at time, 3 ;. Note that
missed periods are “found” only at the first transaction time in a period. Because updating occurs only at
transaction times, we now subscript by transaction number rather than by cycle and period. The transaction
times are denoted b¥, ... , T, their periods byR;4, ... , R,, the time from the start of perio&,, to T,, is
Sy, and the transaction rates in effect at transacti@me) ,,, ... , Aj,.
Let M;,, > 0 be the number of missed periods of typeetweeril;,_; andT;,, i.e., the number of cycles
during which the transaction rate for perigdvas not updated. In the example abo¥é;,, = M, = 2

andM,, = 1. Let Z;,, be the waiting time for period at transactiom, so that

;

T, — Tnfla R,=R, 1= .] a-ndcn = Un—1
Mj7n5j + S, + 5j —S-1 Ro=Rp_1=3J andC, > C,_1

Zin =19 M;nb;j+6; — Sn_1, Ry, 1=j, Rn#j
ijn(sj + Sn, Rn—l 7& j7 Rn :J
Mj,néj, Rnfl 7&]7 Rn#]

Finally, define the updateelvent-driven estimatasr EDE for period; at transactiom by

-~ L—wA s +wZjn,  Ry=j
Ain =9 ~, . (6)
)‘j,nfl + ﬁzj,m Rn 7£ J

forj=1,...,J.
With equation (6), all estimated transaction rates are brought up-to-date at each transaction time, but
some estimated rates may be out-of-date between transactions because inactive periods have not yet been
accounted for. The reciprocal of the updated rate for perisé weighted average of the previous estimated
reciprocal rate for periog and the timeZ; ,, spent in periodj since the last transaction when the current
transaction falls in periogd. If the current transaction does not fall in peripdhen the updated reciprocal
rate for periodj is not a weighted average. Instead, the previous estimate is increased by a term that is
proportional to the time in periogwith no activity.
Because all transaction rates are brought up-to-date at the time of a transaction, regardless of which
period the transaction falls in, the EDE of the period probability for pejied
_ Xjin6;

7Tj,n = Ji/\ (7)
Zizl /\i,n(si

13



A case-by-case analysis shows that at tifyethe J event-driven estimators from equation (6) are
identical to theJ iterative estimates from equation (5). For example, supposethat j, R, 1 =i # j
andM;, > 0. Then the transaction at tinig, is the first in period; of cycle C,,. With the full iterative
estimator, the estimated reciprocal transaction rate for pgrisduld have been updated by a censored
exponential of length; at the end of each of the previols; ,, intervals of typej. Therefore, just before

time T,,, the full iterative estimator would be the reciprocal of

~_q w
)‘j,nfl + 1_ wMj,n‘Sj'

At time T,,, this estimator would be updated to

(1 - w) </>\\j_1—1 + LMjm(Sj) +wS, = (1 - w)Xj_l_l + U}Zj’n,

s1 1 —w 1
which is identical to the reciprocal of the EDE after transaction
The EDE (6) is computed from the current estimated ?@yt,eand the timél},_; of the last transaction.
This is almost as memory-efficient as the EWMA estimate (1), which requires storing only the-firsbf

them;’s.

6 An Application: Estimating Day-of-Week Calling Patterns

Simply stated, fraud detection is the discrimination of legitimate transactions from fraudulent ones. Because
customers are extremely diverse, the discrimination must be tailored to each customer separately. Animpor-
tant step in fraud detection, then, is tracking the legitimate behavior of each customer in real-time, so that
there is an accurate basis of comparison for discriminating fraud. (See Cabhill, Lambert, Pinheiro and Sun
(2000) for an overview of one approach to real-time fraud detection.) In this section, we focus on tracking
the day-of-week calling patterns for a random sample of about 2,000 callers who made between 50 and 800
completed calls during peak hours over a three month period. Peak hours are here defined to be 9:00 a.m. to
11:00 a.m. and 1:00 p.m. to 4:00 p.m. Monday through Friday. Not all customers made calls for the entire
three months; the time between a customer’s first and last calls ranged from eight to thirteen weeks.

The dynamic Poisson model holds for a customer if the tiljes; between calls andi — 1 during
peak hours on day-of-weekin weekk behave as independentponential() ;,;) random variables. (The

day-of-week calling patterns for non-peak calls may be different. To avoid the complications of nesting
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hours-within-days, we ignore the non-peak calls here.) The calling xatesfor the customer are unknown
and might change throughout the three months, but here we test the stronger model that the rates for each
customer are approximately constant over the three month peridg, ;50~ exponential(};).

A chi-squared goodness-of-fit test (Conover, 1980) for the exponential distribution can be applied to the
waiting times for each day of week for each customer separately, giving a total of J9y@hdes. (We used
the S-PLUS function chisg.gof with 6 equi-depth cells to compute pacdiue (MathSoft, 1996).) Under
the null hypothesis that the Poisson timing model is adequate, pheslaes are uniformly distributed in the
interval (0, 1). Each of the five panels in Figure 3 plots the 2,000 goodness-pfviilues for one day of the
week against th&/ (0, 1) quantiles. If the Poisson timing model with constant transaction rates is adequate

for this set of customers, then the points in each plot should lie on a straight line.

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
11 I I 1| 11 I I 11

1 ! 1 1 ! 1 ! 1
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0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 10
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P-values

Figure 3: Quantile-quantile plots of the day-of-week goodness-phfalues for the Poisson timing model
for a random sample of 2,000 customers. Under the null assumptiop;\leies should lie on a straight

line.

The points in all panels of Figure 3 nearly lie on a straight line, except near zero. This suggests that the
Poisson timing model with constant peak calling rates for each day of week is reasonable for most customers.
The curvature near zero that is observed in all panels suggests that a smalp-setwes are smaller than
expected under the null hypothesis. For these customers, either the Poisson distribution is wrong or the
assumption of constant peak calling rates for that day-of-week is wrong. For example, vacations, important
deadlines requiring many calls, or habits such as placing all calls at the start or end of the business day

violate the stationarity assumption. (They could be accommodated under the more general dynamic Poisson
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timing model (4), however.) Taking the intercept from the regression of the theorgtiéal ) quantiles

on the empirical quantiles as an estimate of the fraction of customers for whom the constant rate Poisson
model is inadequate shows that the simple model does not fit between 5.5% and 7.5% of customers across
weekdays. We consider this degree of lack-of-fit acceptable in our application.

Even if the Poisson model with constant rates does not fit, the EDE estimates of the day-of-week prob-
abilities may still be adequate. To check if that is the case here, we take the empirical distribudfcm
customer’s calls per weekday over the three month period as the underlying day-of-week distribution for the
customer and compute the average absolute relative error of therkth respect tor as a function of
call number by taking

5 ~
en = 1003 T Tinl

Y.
j=1 J

Percentiles of the average error at calbver all customers that make at leastalls then describe the
performance of the EDE. The median, .25 quantile and .75 quantiles of the average absolute relative curves
for the EDE and the EWMA estimates with = .02 and uniform initial probabilities%; o = .2, j =

1,...,5), are shown as a function of call number in Figure 4.

The curves in the left panel of Figure 4 are based on the original sample. Considering the entire sample
of customers as a whole, the EDE clearly outperforms the EWMA estimate. After about 100 calls, the
median EDE average absolute relative error is smaller than the .25 quantile of the EWMA average absolute
relative error; after 300 calls, the .75 EDE quantile is smaller than the .25 EWMA quantile. The median
average absolute relative error stabilizes around 5% for the EDE and around 15% for the EWMA.

The curves in the right panel of Figure 4 are based on the 264 customers for which the simple Poisson
timing model is inadequate, in the sense that theialues are in the bottom 5% of tipevalues obtained on
at least one day. This gives us a sense of the performance of the day-of-week probability estimates when the
constant rate Poisson model is inadequate. As expected, the average absolute relative errors for this subset
of customers tend to be larger than those for all 2,000 customers considered as one group (left panel), but the
EDE still clearly dominates the EWMA. The median average absolute relative error curve oscillates around
8% for the EDE and around 22% for the EWMA. In this application, then, the EDE is relatively robust to

departures from the Poisson timing model.
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Figure 4: Average absolute relative error curves for the EDE and EWMA estimates of the day-of-week
probabilities. The three curves for each type of estimate refer to the .25, .50, and .75 pointwise quantiles of
the average absolute relative errors across customers. The left panel includes all customers in the sample,

while the right panel includes only those who fail the goodness-of-fit test for the Poisson timing model.
7 Approximate Behavior of the EDE

7.1 Approximate Conditional Moments

Equation (6) is convenient for updating the rate estimates, but not for establishing their properties. For that,
it is more convenient to re-write the EDE as a sum of terms that are defined at the transactions that fall in
period j, plus an additional term that reflects the inactive time spent in peridgidthe current period is
unequal tgj. To simplify the notation, we suppress the subscfijpt this section.
Let N, ; denote the number of transactions that fall in periagp to and including tim&; and /V_ ;
denote the number of transactions in perjagp to but not including tim&7;, so
i
Nyi=> I(Rp=j) and N_;=N,;—I(Ri=j),
m=1
whereI(A) = 1 if condition A is true and 0 otherwise. Left; be the index of the®” transaction in
periodj, soL; = min{m : N ,, =i}, with the convention thaL, = 0. Note thatZ; is only defined for

i=0,...,N4, attransactiom. Finally, letWW, ; be the total time spent in perigdbetween timel; and
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the previous transaction in a perigdor since time, if there are no previous transactions in perjddThen
%
Wii= > Zim
m:LN—,i+1
In particular, Wy r,,..., W+,LN+ are the waiting times between transactions that fall in pefiog to
timeT,.
Equation (6) shows that when the current transaction does not fall in pgribe reciprocal of the EDE
is increased by a constant multiple of the inactive time since the last transaction. Averaging occurs only

when there is a transaction in perigd It is thus possible to accumulate the inactive time and update the

transaction rate for perioglonly at the time of a transaction in perigd Thus, the EDE can be rewritten as
(1- w))\j_’imm +wWin, R,=j
ATl o+ =Wy, R, #j.

Sinced ;= (1—w)X;} | +wWy r, (With X; 1, = A;0), it follows that

Ny on i—1 Nipy— .
L= Yt (A= w) T wW g+ (1 —w)™ )‘J}év Rp =
j,”’l - N. n s _ .
Zi:-'—l’ (1 o w)z 1 /wWJﬁLi + (]. — w)N+,n A%é + _lz_vw WJﬁn, Rn 75 VE

(8)

To summarize, the rate estimates obtained by (i) updating at every transaction in pandét the end
of every periodj, or (ii) updating at the time of each transaction, regardless of which period it falls in, but
not at the end of each perigd or (iii) updating only when there is a transaction in perjoare identical at
the time of a transaction in perigd Updating scheme (ii) is most useful for computing, but (iii) is most
useful for establishing properties of the rate estimator.

We next derive approximations to the moments and the distributiar},,ngur main interest here is to
understand the forecasting propertie§pﬁ given a sequence of transaction rales = {\j1,... ,Ajn, .}
and N, ,,. To simplify the notation, we suppress the dependence on the conditioning variables, but all mo-
ments and densities should be understood as conditiond} pand N, ,,. For exampleE (Xﬁ) denotes
E (X a2 N )

Given;,, the waiting timedV, ;.,7 = 1,... , N, , between transactions in perigdre independent
exponential (\; z,) random variables under the dynamic Poisson timing model. The proof is given in the
Appendix. The only other waiting time that needs to be consider&d,is, whenR,, # j, where

n
W+7n = 5]‘ — SLNJ“” + 5]’ Z Mj,m-

m:LN+,n+1
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Conditional on\; , and N ,,, the last sum has geometric (1 — exp(—ALLNM“ch)) distribution and is
independent (JSLN+ e If the transaction rate for perigdchanges so slowly that it is approximately constant
within cycles, therd; — SLNM is approximately distributed as a truncateghonential ()\j,LNJﬁnH) inthe
interval [0, ;]. As shown in the Appendix, combining these results implies Wiat, given\; ,, andV,

is approximatelyexponential ()\j7 L, , +1) whenR,, # j.

WhenR,, = j, it follows from equation (8) that, givei;,, and [V, ,,

Nyn
E (ij;) =3 - w) T wAE + (1 - w)Nr A
=1
Nim €)
1) 2(i—1) | 2y—2
var ()\j,n) = (1—w) w7
=1
Similarly, whenR,, # j,
Nion
-1\ i—1_ y—1 Niny—1 w1
B(X) = Z; (T—w) A + (U= w)™ " Mg+ =N
= 10
Ny A (10)
T— 2(i—1 - -
var ()\j7711> ™ Z (1—w) ( )wQ)\jii + <m> >‘j,12\f+,n+1'
i=1
If \;, = A; foralln, then forR, = j
B (iji) - [1 - (- w)N+’n} )‘J'_l + (1 —w)ter )‘j_,é Mo )‘j_l (12)
T-1) . W 2N, n| =2 Ntn—oo w -2
WhenR,, # j, the approximations in (10) become exact and simplify to
~_ 1 _ _ Ny p—00 1 _
E (A],7%L> = ﬂ |:1 — (1 — 'U))N+’n+1:| )\j ! + (1 - U))N+’n )\Jvé +—> m)\j !
~ N4 p,—00 w
)\f1> — w |:1 — (1= 2(N+,n+1)i| )\‘72 +.n -2
Var( in) = G wa—we 1Y i 2—w)(1—w)?]|
(12)

7.2 Approximate Conditional Distribution Under a Poisson Model With Constant Rates

If the transaction rate for periogl is constant across cycles, then, givkp, and N, ,, the EDE of a
reciprocal rate is a linear combination of independent, identically distributed exponential random variables,
plus an exponentially decreasing term that depends;on If all coefficients in the linear combination

were the same, the linear combination would be conditionally distributed as a gamma random variable. This
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suggests approximating the conditional distributiorﬁgt by an exponentially decreasing constant plus a

gamma distribution with parameters that match the first two momerﬁ%{prhat is,

~ 2 ~
N [E (Aﬁ) (1— w)N+»nAj73] E (Aj;l) — (1= w)NerA]
n var (/):j_ib) ’ var (/):j_ib)

From equations (11) and (12),

+(1— w)N+*"A;é.

9w [1=0=0)n ] gy 1-(1mw) Ve —
-~ . r W 1—(1—w)Vhm W 1 (1—w)? N /\j ) R, =
-1 1 Nin\—1
j,nN( _w) ' j,0+ [1_(1_ )N+ n+1]2 Ny p+1
T ( 2=w w 2-w)(1-w) 1-(1-w) * , R, # j.
w 17(1710)2(N+’n-~-1) ) w 17(17w)2(N+’n+1) N n 7 J
(13)

Letting N, ,, — oo, the right side of (13) asymptotically simplifies to

N T %_w’%_w ), R,=7
AL 5 , 13 ’ (14)
P (e, Clw)) Ry # .

Simulations suggest that the approximation (13) is remarkably good for a wide rangeesen for
small N, ,,. Itis sufficient to simulate the behavior ag,n at A\; = 1 under the Poisson timing model
because, with constant rates, the distributionpﬁﬁﬁ*" (1 —w)"~'wW, 1, in equation (8) is free of,
and the contribution of the initial ratg; , decreases exponentially. Using the statistical lang$adgecker,
Chambers and Wilks, 1988), we generated 2500 simulated val@g‘%e# (1 —w)Nem A with w = .02,

N, , = 10, for both R, = j andR,, # j and compared the empirical distribution of the 2500 values of

Aj [X;}L —(1- w)N+,")\j‘,5] with the gamma approximation. Figure 5 shows that the empirical cumulative
distribution function (CDF) is close to the approximate gamma CDF. Similar results, not shown here, were
obtained for other values of and .V, ,,.

The approximate distribution of; [Xj‘ﬁ — (1 —w)N+m )\jfé] can be used as a pivot to construct approx-
imate conditional prediction intervals for the transaction rateshkgta, w) denote thel 00" percentile
of the gamma approximation (13) f&g‘}b with \; = 1. Then an approximate conditional prediction interval
of level 1 — o for A, based on\; ] is

Vj,n(a/z ’U)) 7j,n(1 B a/27 ’U))
A = (L= w)Nemdigs Ay — (1= w)Nem Az

For large/N., ,,, similar intervals can be obtained using (14).
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Figure 5: Difference between the empirical CDF and the gamma CDF for 2500 simulated vaﬁﬁ;sef
(1— w)N+anA;é with w = .02 and N, ,, = 10, for R,, = j andR,, # j.

Approximate conditional moments for the estimated period probabilitigs can be obtained from
equations (9) and (10) (or equations (11) and (12)) by applyindetia methodEfron and Tibshirani, 1993)
to equation (7). When transaction rates are constant across cycles, better approximate prediction intervals
for period probabilities can be obtained from a parametric bootstrap using the approximate distributions (13)
or (14) and the independence of the transaction rate estimators (Efron and Tibshirani, 1993).

In practice, transaction rates tend to vary slowly with time, reflecting changes in the environment and
the individual, so the assumption of constant transaction rates across cycles may be reasonable for only a
limited number of cycles. The approximations continue to hold locallyN\out, needs to be redefined as the
number of transactions during perigdor the pasts cycles and\; , needs to be redefined as the estimated
transaction rate for perioflat the end of cyclenax(0, C,, — k) wherex is the number of cycles over which

Ajn IS nearly constant.

8 Finite Sample Performance of the EDE

We use simulation to compare the performance of the EDE with updating weighis=of.02, .05, and
.1 with the performance of the MLE for the constant rate Poisson model of Section 3. In each simulation,

there arel2 cycles (or weeks) of periods (or days), and each period has the same transaction rate. Thus,
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the period probabilities are all 1/7. The Poisson timing model with constant period rates is simulated in
Section 8.1, and a dynamic Poisson timing model is simulated in Section 8.2. Finally, a Poisson timing
model with a deterministic shift in the period rates at the end of cycle 12 is simulated in Section 8.3. At the
end of cycle 12, one period rate is increased by 25%, another decreased by 25%, and the rates for the other
periods are unchanged. All period rates then remain constant for another 12 cycles.

The performance of the estimators changes with time, as more transactions are made and, under the
dynamic model or shift model, as the underlying transaction rates changjg) 1§ a parameter of interest

(a rate or a period probability) at timteandd(¢) its estimate, then we define tadsolute relative erroat

timet as

. [é(t)} —100E (‘5(15) - H(t)D 10(2).

Under each scenario 10,000 paths of the transaction process were simulated under the different Pois-
son timing models, each path covering 12 cycles. For each simulated path, period rates and probabilities
were estimated at each transaction and the corresponding absolute relative errors were evaluated on a fixed,
equally spaced grid of 100 time points, using linear interpolation. This allows the absolute relative error
curves from different transaction paths to be combined. The mean of the 10,000 absolute relative error
curves are reported. The simulation standard deviations of the mean absolute relative error curves are also

reported to give an assessment of the precision in the simulation results.

8.1 Poisson Model with Constant Rates

Four scenarios, with identical transaction raidftxed at constant values a@f 5, 10, or 20 for each of seven
periods, giving period probabilities of 1/7 for each period, were simulated. Estimated transaction rates for
each period were initialized for each of the seven periods independently by randomly selecting a value in
the interval].75)\, 1.25)] according to a uniform distribution. This initialization procedure implies that, on
average, the transaction rates are initialized at the correct value, but the initial rate for any period can be off
by as much as 25%. In practice, initial transaction rates are derived from past customer data, so initial rates
averaged over customers tend to be unbiased. Therefore, the simulated initialization procedure is realistic.
The absolute relative error curves for the MLE and the EDE, which are shown in Figure 6, suggest
the following conclusions. (Table 1 gives the sample standard deviations of the 10,000 simulated absolute

relative error curves for the MLE and the EDE for the different transaction rates.)
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e The simulated absolute relative error of the MLE for the Poisson timing model decreases as the num-

ber of transactions increases.

e The smallest updating weight, = .02, gives the best EDE under the constant rate model. During the
first 12 cycles, the EDE withv = .02 is better than the MLE foA = 1, 5; better or equivalent to the
MLE for A = 10; and worse than the MLE fox = 20, after4 cycles.

e The EDE with any of the three weights is better than the MLE during the initial cycles, even though
the initial value assigned t& is only correct on average. In contrast, as mentioned in Section 3, the
MLEs for the period probabilities are undefined until the first transaction in the last period of the first

cycle is observed or the first cycle ends.

e The absolute relative error rates for the EDE appear to stabilize at a value that does not dejpend on

40 - ' L
30 ' L

20 i : L

% Error in probabilility estimate

Cycle

Figure 6: Absolute relative error curves for the first period probability for the MLE and the EDE with
weightsw = .02,.05, and.1 over 12 cycles of a Poisson timing model with constant rates. Each panel

corresponds to a different transaction rate, which is held fixed for all periods.

These conclusions remain valid when the transaction rates for each period are constant across cycles, but
are different among periods. Figure 7 shows the simulated absolute relative error curves for the estimated

probability of period 1 under the same scenarios used to produce the results in Figure 6, but with the period
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EDE

A MLE w = .02 w = .05 w=".1

1 | .25(.16,.57) .04(.01,.05) .07(.03,.08) .11 (.06,.13)
5 | .11(.07,.24) .05(.02,.06) .09 (.06,.1) .13(.08,.14)
10 | .08 (.05,.17) .05(.03,.06) .09 (.08,.1) .13(.09,.14)

20 | .05(.04,.12) .05(.03,.06) .09 (.07,.09) .13(.11,.14)

Table 1: Simulation standard deviations for the MLE and the under the Poisson timing model with constant
rates. Reported values are averaged over the time grid; the ranges of the simulation standard deviations over

the time grid are given in parentheses.

transaction rated, ... , Ay setto\; = .8\, Ao = A\, A3 = 1.2), Ay = .BA, A5 = 3\, A\g = 2\, Ay = B
As before, thebasetransaction rates ark = 1,5, 10, and20. The absolute relative error curves shown in
Figure 7 are nearly identical to those in Figure 6, and the simulation standard deviations are nearly identical

to those in Table 1.

8.2 Dynamic Poisson Timing Model

Four scenarios with initial transaction rates)gf= 1, 5, 10, and20 transactions per period are considered.
The EDE is initialized as in Section 8.1. The multiplicative noise term responsible for the evolution of
the transaction rates in the dynamic Poisson model is simulated frBaax) distribution with largea
(o > 400), which means that the transaction rates evolve slowly. For lard€«, o) ~ N (1,1/«), so the
endpoints of a 99% prediction interval for the relative change are approximageg/,/«. The endpoints
of the approximate 99% prediction intervals for the valuesvaised in the simulation, corresponding to
high (o« = 400), moderate ¢ = 1600), and low ¢ = 4000) noise levels are, respectively,.129, +.064,
and+.041.

Figure 8 presents the absolute relative error rate curves for the MLE and the EQE=fdrfor each

combination of\y anda. The main conclusions are as follows.

e Whena = 400 (high noise), the EDE performs better than the MLE. The absolute relative errors for
the EDE stabilize around 20%, independenigfbut the absolute relative error for the MLE appears

to increase with time. The EDE with = .05 is best, but the other values ofare nearly as good.
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Figure 7. Absolute relative error curves for the first period probability for the MLE and the EDE with
weightsw = .02,.05, and.1 over 12 cycles of a Poisson timing model with constant rates, which differ

among periods. Each panel corresponds to a different base transaction rate.

e Whena = 1600 (moderate noise), the EDE with = .02 and the EDE withv = .05 have similar ab-
solute relative error curves, but the other estimators have larger absolute relative errors. The absolute

relative error for the MLE increases over time foy = 20.

e Whena = 4000 (low noise), the EDE withv = .02 has the best absolute relative error curve. The

MLE has a similar absolute relative error curve (flat around 10%M\foe 10, 20.

The simulation standard deviations for the absolute relative error curves corresponding 460 are
presented in Table 2. The simulation standard deviations for the absolute relative error curves corresponding

to « = 1600 anda. = 4000 fall between the values reported in Tables 1 and 2.

8.3 Poisson Model with Deterministic Shifts in Rates

Under this scenario, the period rates for the Poisson timing model are identical and constant forihe first
cycles. At the end of thé2 cycle, the first period rate is increased by 25% and the rate for the fourth
period is decreased by 25%, so the cycle rate remains the same. The period rates then stay constant for the

next12 cycles. The rates used for the filg cycles arex = 1,5, 10, and20 transactions per period. Each
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Figure 8: Absolute relative error curves for the first period probability for the MLE and the EDE with
weightsw = .02, .05, and.1 over12 cycles of a dynamic Poisson timing model. Each panel corresponds to

a different initial transaction rat&,, which is the same for all periods, and a different noise parameter

EDE is initialized using the procedure described in Section 8.1.
Figure 9, which displays the simulated absolute relative error curves for estimators of the first period

probability, suggests the following.
e The EDE is able to absorb the shift in the rate considerably faster than the MLE.
e Estimators with largetw adapt faster, but the absolute relative error rate stabilizes at a large value.

e The EDE withw = .02 offers the best trade-off between ability to adapt to change quickly and low

average absolute relative error over the period.
The simulation standard deviations for the absolute relative error curves are very similar to the ones reported
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EDE

A MLE w = .02 w = .05 w=".1

1 | .27(20,58) .11(.04,.15) .1(.03,.13) .13(.05,.16)
5 |.18(.17,.26) .15(.05,19) .14(.07,.16) .16 (.08,.18)
10| .21(.16,.28) .18(.08,.21) .15(.08,.16) .16 (.13,.18)
20| .30(.17,.49) .20(.11,.21) .15(.09,.16) .16 (.13,.18)

Table 2: Simulation standard deviations for the MLE and the EDE under the dynamic Poisson timing model
with o = 400, corresponding to the highest relative change in the transaction rates. Reported values are
averaged over the time grid. The ranges of the simulation standard deviations over the time grid are included

in parenthesis.
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Figure 9: Absolute relative error curves for the first period probability for the MLE and the EDE with
weightsw = .02, .05, and.1 over24 cycles of a Poisson timing model with deterministic shifts in the period
rates at the end of cycle2. Each panel corresponds to a different transaction rate for thel #irsycles,

which is the same for all periods.
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in Table 1.
In summary, the MLE under the Poisson timing model with constant rates is not appropriate under
dynamic Poisson models with high or moderate levels of noise and under Poisson models with shifts in the

transaction rates. The EDE with = .02 performs well under a variety of scenarios.

9 Discussion

Real-time applications involving very large databases of transactions may use customer signatures to track
each individual's behavior. These signatures use fixed, generally small, storage space, so that they can be
easily retrieved from the database for analysis or updating. Timing variables, such as day of week and hour
of day, are an important part of customer signatures.

We describe a space-efficient, fast procedure for sequentially estimating timing distributions. Our proce-
dure uses only the times of the current and the last transaction to update the transaction rates and the period
probabilities and, therefore, can be used vgitteamtransaction data that are continuously collected over
time. The proposed estimation method is competitive with maximum likelihood under a Poisson timing
model with constant rates and considerably better than the maximum likelihood estimates for the constant
rate Poisson model when transaction times follow a dynamic Poisson timing model. In the application
to tracking the calling behavior of 2,000 customers described in Section 6, the Poisson timing model was
shown to be reasonable for most individuals. The event-driven estimate (EDE) of the period probabilities
performed well even for those customers for which the Poisson timing model may not be adequate. We have
used the EDE to estimate literally millions of timing distributions in several applications, and in each it has
tracked the patterns of most customers well.

Further research is needed on methods for finding optimal updating weights for the EDE under a dy-
namic Poisson model. The simulation study suggests that a weight of Bhgutis appropriate, but more
work is needed to develop methods that reliably produce the best updating weights.

The EDE presented in this paper uses fixed updating weights, but the methods we describe can be
extended to incorporate updating weights that change with time. For example, if a transaction rate cannot
be initialized reliably, then the updating weight can be larger for the first several transactions to allow the
estimated rates and probabilities to move rapidly away from the initial value. Later, if the transaction rates

are stable, the weight can be decreased to reduce the variability in the EDE. Or we might let the updating
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weight depend on the current estimate of the transaction rate. Even without extensions such as adaptive
weighting, however, the EDE studied in this paper is attractive for estimating and forecasting timing patterns

for many individuals in real time.
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APPENDIX

Result 1 GivenA; ,, the waiting timesV, r,,i = 1,... , N4 , between transactions in perigdare inde-

pendenkxponential (\; z,) random variables under the dynamic Poisson timing model.

By definition, W, 1, = Zﬁ;’:LHH Zjm and, from the assumptions of the dynamic Poisson timing model
and conditional or\; ,,, the Z; ,,, corresponding to disjoint time intervals are independent. Because sums of
disjoint independent variables remain independent}ithe;, are independent.

The proof thatiV 1, ~ exponential(); 1) consists of showing that the corresponding survival func-
tion P(W, 1, > t|A;,) coincides with that of arxponential(); r,), that is,exp(—A\; r,t). First con-
sider0 < t < §; — Sz, ,. In this case, becausg; ;, ,,: is distributed as the minimum between an

exponential(\; r,) random variable and the time left in periggd; — Sr, .,
P(WJF,LZ, > t|Aj7n) =P (Zj,Li,1+1 > t‘}\j,n) = exp (_/\j,Lit) .

Now consider the case> 6; — Sz, , and letp, = |(t —d; 4+ S,_,)/d;] denote the number of intervals
of sized; int — 0; + Sr, ,. Then, the evenfiW, 1, > t] is equivalent to the intersection of the events
(Zj 1, 141 =0; — St ], [ZﬁszHH M = pt} ,and[Sy, >t — (p; +1)8; + S, ,]. The first event

is equivalent tano transactions betwee€ly,, , and the end of periogl and, from the definition of; 1, |41,
P (Zj:Li—1+1 = 5j - SLi—l’SLi—l) = exp [_)\j:Li (5]' - SLi—l)] .

The second event igo transactions in period; for p; successive intervalswhich has probability
exp(—A;,r,ped;). Finally, if Ty, | is the time of the last transaction in perigdand no transactions oc-
curred in the nexp; periodsj, Sy, is the minimum of the time elapsed in perigcuntil the next trans-
action in that period and;. Therefore, conditional on the first two events, the last event has probability

exp[—Aj 1, (t — (pt + 1)0; + Sz,_,)]. Combining these results gives, fo> 6, — Sz, ,

P (W+7Li > t‘}\j,m SLFl) = exp {_)‘j,Li (5] — SLFl) — )\j,Lipt(sj — /\j7Li [t — (pt + 1) 5]' + SLifl] }
= €xp (_)‘j,Lit) =P (W+7Li > t’Ajvn) )

where the last equality follows from the fact that the conditional probability does not depefd, on

Therefore,P(W, 1, > t|A;n) = exp(—A; r,t), forallt > 0, and the result follows.
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Result 2 If the transaction rate for periogd is constant within a cycle, then, givey ,, and N, ,, W, ,,

is independent oV, 1,, i = 1,... Ny, and follows anexponential(A; .y,  .,) distribution when
R, #j.
WhenR,, # j,
n
Win=0;=Suy,  +6 > Mjm (15)

m=Ly,  +1
Independence from, 1., i = 1,..., N, , follows from the assumptions of the dynamic Poisson timing
model becaus®/,. ,, andW_. ;, are functions of number of transactions in disjoint time intervals.
If the transaction rate for periofddoes not change within a cycl&,;, = 6; — SLNM is distributed as a

truncated exponential with parameﬂ@[LN+ 1 in the intervall0, §;]. That is, its density function is

)\j,LN+,n+l exp (*)\j,LN_*_’nJrlt)

, 0<t<§;
fx (t) = 1—exp (*ALLNMH%‘)
0, otherwise
The summation on the right hand side of (15, = >0 _, = . M;,, follows a
+,n

geometric (1 — e:cp(—/\MN+ n+16j) distribution and is independent of;. It is then easy to verify that,

fort e [(k—l)éj,kéj) k=1,2,...,

P(Xo>k), (k—1)5;, <t< (k—1)0; +x
P(Wyn>t| Xy =x) = (X2 > k), (k=1)9; (k= 1)d;j + a1

P(XQZk), (k—1)5j+$1§t<5j
exp |:—(k‘ — 1))\j7LN+,n+15j] s (k — 1)5j <t< (k — 1)5j + a1
exp <_k)‘j7LN+,n+15j) s (k - 1)5j +z1<t< (5j.

It follows that, fort € [(k — 1)0;,k0;) k=1,2,...,

exp (_kAijNJr n+1(5]’> t—(k—1)d;
) / exp <_)‘j,LN+ n+1$1) d$1 +
1= exp (“Niny, ,1105) J0 ,
exp |~ (k= DAy, 105] /5j
1 —exp (_Aj7LN+!n+16j> t

=exp (_AijN+!n+1t> .

P (Wi >t) = E(P (Wi, > tX1)) =

exp (—)\ L x1> dxrq
—(k—1)s; PEN 4t

Thatis,W, ,, ~ eXpOlflential(AJ‘,LN+ n+1)-
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